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This research presents the results for analyses done to five geopotential global models (GGM),
comparing them with ground data from GNSS and leveling in heterogenic zones from the geodetic
perspective, in Chile and Spain. While the official and complete implementation of the International
Height Reference Frame (IHRF) has not yet been established, the vertical geodetic system of many
countries is not calculated on a global scale; instead, it is calculated by the variation of relative heights
between one or more local tide gauges, such as in the case of Spain and Chile. This aspect creates
regional and specific altimetry data, which disables the use of GGM to directly obtain the orthometric
height of the vertical reference system (VRS) from the GNSS heights. Global models currently reach
centimetric precision due to their high resolution but are directly incompatible for a local level. To solve
this, we expose in this article the contrast between geometric geoidal undulation (ellipsoidal heights
and orthometric data from the leveling networks in Spain and Chile) with the geoidal undulation in
more recent models and higher resolution: Earth Gravitational Model 2008 (EGM08), European
Improved Gravity model of the Earth by New techniques (EIGEN6C4), Gravity Observation Combination
(GOCO05C), Experimental Gravity Field Model (XGM2016), and Ultra-High Resolution Global Geo-
potential Model (SGG-UGM), adjusting the residual between both referential heights by different
parametric models and polynomials of determined order. Once evaluated, their geoidal undulations are
combined with GNSS/leveling data from the corresponding VRS to generate a correcting surface, which
is also known as a hybrid geoid, resulting in a model of optimal adjustment for the combination of five
parameters of the EIGEN-6C4 with orthometric heights and ellipsoids of both Chile and Spain. The
results show 2e3 cm precisions, which were statistically analyzed to determine the suitability for use.
The final products are three grids of independent hybrid geoids, one for northern Spain and two for
Chile (central and north), which allow continuous access to the VRS of each country using the GNSS's
full potential until the IHRF is available and ready for use.
© 2021 Editorial office of Geodesy and Geodynamics. Publishing services by Elsevier B.V. on behalf of
KeAi Communications Co. Ltd. This is an open access article under the CC BY-NC-ND license (http://

creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

In July 2015, in the city of Prague (Czech Republic), at the In-
ternational Union of Geodesy and Geophysics (IUGG), International
Association of Geodesy (IAG), resolution number one resolved five
conventions for the International Height Reference System (IHRS),
where it is clearly explained that the vertical coordinates shall be
potential differences between the reference potential W0 ¼
ð62636853:4 m2 =s2Þ[1], and the potentialWP of the Earth's gravity
field at the points designated P. The potential differential �DWP
shall be designated as a geopotential number CP ¼ � DWP ¼
W0-WP . Although there are indeed efforts to implement the IHRS
lsevier B.V. on behalf of KeAi Communications Co. Ltd. This is an open access article
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globally, there is still local vertical datum, for example, in Spain and
Chile. The purpose of this study is to use the potential of the Global
Navigation Satellite System (GNSS) measurements in two
completely different zones from the geodetic perspective, one with
frequent earthquakes such as Chile and another with rare seismic
events such as Spain, to be able to access local “physical” heights
temporarily until the IHRS is formally established.

Until that time, on a regional level, Gauss's famous equation that
combines ellipsoidal (h), orthometric (H), and geoidal undulation
(N) heights, H ¼ h-N, should not be correct, complicating the use of
GNSS systems to obtain orthometric heights directly on the phys-
ical heights networks, something that will not happen with the
IHRS. In an initial approach, the fundamental relation that links the
heights measured over the ellipsoidal and geoidal surfaces related
to the vertical geodetic datum, which is established generally from
gravity and/or leveling data, is defined by [2]:

h�H � N ¼ 0 (0.1)

where h is the ellipsoidal height above the ellipsoid, measured by
the length of the normal of itself and that obtained through GNSS
observations, H is the orthometric height measured on the normal
to the geoid and obtained from the vertical network datum, and N is
the geoidal undulation, which can be obtained from a regional
gravimetric geoidal model or Geopotential Global Models (GGM).
Currently, equation (0.1) is not wholly valid due to different sys-
tematics linked to one or many components of the equation:
different parameters of the ellipsoid, different hypotheses to
calculate the orthometric height, different tide systems for H and N,
different time and reductions, etc. The most common terms for
typical deviation are the ones gives by the geoidal undulation [3]
having the ellipsoidal and orthometric height with a precision 10
times better than N; this translates into mm in the case of h and H,
cm for N, and therefore cm for the combination of heights [4].

In contrast, the advantage of the GGM is that it possesses a
greater quantity of data because of its global orbits of the Earth,
obtaining in this way access to undulations in further points of the
leveling lines. The residuals generated in equation (0.1) can be
modeled. It is necessary to analyze each component of error,
evaluating the residuals so that when they are modeled, they can
predict the physical height at any point in the field of study [5],
being able to combine the continuity of the GGM with the local
precision of the vertical reference system (VRS) and the access to
the Global Reference Frame with the GNSS data of the ellipsoidal
heights.

The objective of this study is to “join” ellipsoidal (h), ortho-
metric (H), and geoidal undulation (N) heights of the GGMs to
generate a corrected surface that is compatible with all heights in a
continuous way. From the orthometric heights, from which mate-
rialize the vertical reference system (SRV) of each country; the
ellipsoidal heights, in Spain referred to as European Reference
Frame(EUREF) and in Chile as Geocentric Reference System for the
Americas(SIRGAS); and the geoidal undulations coming from the
GGM continuous access to the local VRS will be generated by
modeling the residuals coming from the combination of the three
heights.

To make this determination, a combination of heights is calcu-
lated to integrate the height of the GNSS and the coverage of the
GGMs with the official altimetry of the country; this creates what is
called a “corrective surface” or hybrid geoid [6]. There are different
types of modeling and surfaces to correct the residuals [7]. In this
study we used models of similarity of four, five and seven param-
eters, with four and five being generally used [3]. We also employ a
first-order polynomial (1 � 1) and another of third order (3 � 3)
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with the idea to explore the verisimilitude of the hybrid geoid
found. In this paper, the problem is explored and analyzed, evalu-
ating two completely different environments from the geophysical
point of view, one of them with a completely dynamic frame of
reference (Chile) and another almost static (Spain) [8].

For the selection of the GGM, we have reviewed the state of the
art of the most recent models and those with higher resolution [9].
The chosen models were the following: Earth Gravitational Model
2008 (EGM08) [10], European Improved Gravity model of the Earth
by New techniques (EIGEN-6C4) [11], Gravity Observation Combi-
nation (GOCO05C) [12], and Ultra-High Resolution Global Geo-
potential Model (SGG-UGM-1). It is worth noting that only a few of
them have been analyzed and compared to the designated zones,
for example, GOCO03S in Argentina [13,14] and above all in Brazil
[15], and EIGEN-6C4 in Chile [16] with the differences among the
different heights at a decimetric order. In the case of Spain, an
evaluation has been done with the EGM08 by the National
Geographic Institute of Spain (IGN), presenting differences of the
scale of 56.1 cm and typical deviations of 50 mm [17], where
different results are also produced if they are compared to other
available studies [18,19].
2. Methodology. Hybrid geoid modeling

In modeling the combination of data from different heights, it is
vital to reconcile epochs and tidal systems. The first challenge is to
ensure that all data are consistent along time, and the second is to
ensure that the GNSS data, orthometric heights, and GGM un-
dulations are in the same system.

The current and previous International Terrestrial Reference
Frame (ITRF) [20], is densified in Latin America and Europe through
SIRGAS and EUREF respectively. Therefore, to homogenize the
epochs of ellipsoidal heights, there are two velocity models, Ve-
locity Model for SIRGAS (VEMOS) [21] and EUREF Velocity Model
[22]. Since the VEMOS model only represents horizontal velocities,
for h we use velocities from non-lineal models, following the in-
structions in [23] and calculated at the USC Geodetic Analysis and
Processing Center [24]. The epoch change for the Chilean data was
made from a surface deformation model generated from the 10-
year time series (2010e2020) of data from free access stations in
Chile [25], processed with Bernese 5.2 software [26] and interpo-
lating the solution with spline interpolation, and modeling of
the residuals. Since it is a confidential project currently in progress
[27], the information cannot be expanded. It is shown on themap in
Fig.1. Related to the data in Spain, EUREF velocities were used at the
closest stations to reconcile the epoch, as in the case of stations
ACOR00ESP and VIGO00ESP, both belonging to EUREF [28].

In Spain, the change in height due to the epoch is approximately
2 mm per year for ACOR and 0.9 mm for VIGO. This means that the
ellipsoidal height will have a minimal change in its h component.
The orthometric height remains in epoch 2008.

For Chile, the problem is of greater complexity. For the ortho-
metric height of central Chile, the study started analyzing the
displacement produced by the Maule 2010 earthquake. We initially
used the authors' work for the central leveling line [29], but the
results were unsatisfactory. Our theory is that they used the wrong
epoch for the definition of the height H. When performing valida-
tion with new geometric leveling data, it was observed that it was
not possible to change the orthometric epoch with this previously
presented model. What we did do was to separate two epochs, one
for one tide gauge and another for another, 2019 and 2017, based on
the new leveling data. In the north we kept the epoch of ortho-
metric height.



Fig. 1. Displacement vectors used to model the epoch in Chile.
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Concerning the ellipsoidal height, we directly use our models
because the previous study [29] has a period from 2007 to 2015,
which is insufficient in space and time for compatibility the ellip-
soidal height's epoch. It is crucial to indicate that the change in
ellipsoidal height ranges oscillates from 30 mm to 120 mm
approximately for the central zone. The fiducial points were always
SIRGAS stations.

As a summary, the initial epochs of the data are shown in
Table 1.

We reconciled the epoch of the GNSS data with the VRS data,
leaving the orthometric height as an inherent systemic within the
model. As will be discussed below, this worked perfectly in the
67
northern zone of Chile. However, some errors were perceived at
the center of Chile in some determined zones that the model could
not perform appropriately due to the different epochs. The final
epochs compatibilized to perform the adjustment are shown in the
Table 2.

The importance of the epoch's harmonizing shows in Fig. 2 for
the 5 parameters (5P) model on EGM08 in central Chile. On the left
are the residuals without homogenizing epochs, and on the right
are the same residuals homogenizing the epochs. We can see the
residuals' magnitude, which is almost 40 cmwithout harmonizing,
while with the correct epoch, it reaches a maximum of 6 cm. In
Spain, the change is inconsequential because the epoch's changes



Table 2
Final epoch for three height types.

h H N

North Chile 2019 2014 GGM epoch
Central Chile 2019 2019,2017
Spain 2010 2008

Table 1
Initial epoch for three height types.

h H N

North Chile 2019 and 2014 2014 GGM epoch
Central Chile 2019,2017,2014,2012 2019,2017,2012,

2006,2002
Spain 2010,2008 2008
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do not exceed 4 mm. This highlights the importance of epoch's
homogenization.

The other aspect of consideration is the tidal system, which has
to be the same in the three heights. The ellipsoidal heights at the
benchmarks obtained from fiducial points of SIRGAS and EUREF
depend hierarchically on the ITRF, which is calculated in a tide-free
system. Therefore, the data of the VRS from Chile and Spain
(orthometric heights), which are calculated on amean sea level, are
converted from a mean sea to a tidal-free system according to [30],
to be compatible with the reference frame data from Spain and
Chile, with the equation:

HTF¼HMF � 0:68�
�
0:099�0:296 sin 2 4

�
(1.1)

where 4 is the geodetic latitude observed at the benchmark and
HMT is the orthometric height of the SRV at each country.

Now we only need the GGM data, which in order to be consis-
tent with h y H were obtained on a tidal-free system directly from
the International Centre for Global Earth Models (ICGEM), with the
only change in the C20 coefficient of the spherical harmonics in the
representation of geopotential.

Once the input data (h, H, and N) were compatible, we per-
formed the combination. For this, the geoid undulation obtained

from GGM, which will be denoted NGGM, and calculated by using

geometric data NGNSS=Niv, must comply with the following
expression:

hi �Hi � NGGM
i ¼ 0 (1.2)

NGNSS=Niv
i �NGGM

i ¼ 0 (1.3)
Fig. 2. Residual histograms withou
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Another approach is to deal with the problem from a relative
perspective.

Dhi �DHi � DNGGM
i ¼ 0 (1.4)

The system can be expressed in an absolute or relative way, that
is, with relative height increments ðDh;DH;DNÞ. In this study, we
use absolute heights and not relatives, due to the lack of complete
cofactor matrices of the respective calculations of VRS in Chile and
Spain. However, the relative increments were used to analyze and

later eliminate gross errors at verifying the Dhi;DHi;DN
MGG
i at

consecutive points whose value is greater than 3s; since the ten-
dency at these points should be the same [31].

There are many practical reasons why equation (1.2) does not
comply, because the residuals must be analyzed and modeled.
Although many of the reasons are described in [3], the principal
ones are these:

� Data for the three heights refer to different reference surfaces.
� h: refers to the reference ellipsoid used to determine the or-
bits of satellites.

� H: refers to the local vertical datum, defined by the fixation of
one or more tidal gauge stations.

� N: refers to the reference surface used in the global geo-
potential model that cannot be the same as the anomalies in
gravity.

� There is instability at the passive referencemonuments, through
the passing of time.

� There are systematic effects and distortions, mainly caused by
geoidal mistakes of long-wave longitude. These mistakes can be
noted on gravimetric geoidal models due to the differences
between data sources related to the reference system they
adopt, and they also are contained in the ellipsoidal heights,
such as for example atmospheric refraction, that produce
measurements not adequately on GNSS.

To model the residuals that are produced by the sources previ-
ously mentioned, we use here what is named “hybrid geoids,”
“geometric geoids,” or “correcting surface,” combining data from
satellite missions to obtain a continuous undulation, with GNSS/
leveling data obtaining a discrete undulation over the leveling grid
from GNSS observations over leveling benchmarks [7,32]. The
calculation is done by including a correction factor to the data in
order to comply with equation (1.2):

h�N � c ¼ H þ ~v (1.5)
t/with epoch homogenization.
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where c represents the terms of the correction surface and ~v rep-
resents aleatory errors. Due to the data redundancy, it can be
denoted for each point:

hi �Hi � Ni|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
li

¼aTi xþ ~vi (1.6)

ðhi � HiÞ|fflfflfflfflfflffl{zfflfflfflfflfflffl}
NSRV

� NGGM

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
li

¼aTi xþ ~vi (1.7)

2.1. Adjustment

Using matrix notation to solve the system, the functional model
would be [33,34]:

l¼Axþ ~v (1.8)

where the initial hypothesis for the stochastic model is:

E
�
~v
�¼0; ~v � N

�
0; s~v

2CV ~v

�
(1.9)

Here lmx1 is the observation matrix (height misclosure); Amxu

the design matrix, which depends on the parametric model used;
xux1 the unknown parameter vector and ~vmx1 the residual term;
beingm the number of points obtained from li ¼ hi � Hi � Ni; and
u the number of model parameters. Equation (1.8) will be solved by
the least squares principle, because the system is redundant,
minimizing the ~vi residual according to:

~vTP~v¼minimun (1.10)

The bx system solution for the u parameters is:

bx¼�
AT~PA

��1 � AT~Pl (1.11)

And adjusted residuals b~v is:

b~v ¼Abx � l (1.12)

Equation (1.11) represents the solution with the residuals ~v of
the different heights together, but they can separate, as we will see
in the following paragraphs. The residual term ~vmx1 is composed for
each of the height data types, as follows:

~v¼ vh � vH � vN (1.13)

~vmx1 can be separated by component using matrix B, according
to.

~v¼Bv (1.14)

employing an Imxm unit matrix.

B¼ ½I� I� I� (1.15)

It is important to indicate that the residual term v is composed
of:

v¼
2
4 vh
vH
vN

3
5 (1.16)

The CV matrix is:
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EðvhÞ¼0; vh � N
�
0; s2hCVh

�
(1.17)

EðvHÞ¼0; vH � N
�
0; s2HCVH

�
(1.18)

EðvNÞ¼0; vN � N
�
0; s2NCVN

�
(1.19)

Continuing with the separate least squares resolution, this is
done by minimum squares according to the Gauss-Markov model
[35], minimizing v according to:

vTPv¼ vThPhvh þ vTHPHvH þ vTNPNvN ¼ minimun (1.20)

Here P is the weight matrix and CV is the variance-covariance
matrix related by:

Pmxm¼
2
4Ph 0 0
0 PH 0
0 0 PN

3
5 ¼

2
6664
CV�1

h 0 0

0 CV�1
H 0

0 0 CV�1
H

3
7775 (1.21)

The system solution for the adjusted parameters u is:

bx¼�
ATðCVh þ CVH þ CVNÞ�1A

��1

� ATðCVh þ CVH þ CVNÞ�1l (1.22)

Here B is the matrix that allows us to analyze the input of each
residue, separating the v matrix as shown in equation 1.23:

Bbv ¼cvh þ cvH þ cvN (1.23)

The fit of the separated residuals can be solved according to:

bv¼P�1BT
�
BP�1BT

��
lþAbx� (1.24)

and the residuals for each height adjusted would be:

cvh ¼CVhðCVh þ CVH þ CVNÞ�1Ml (1.25)

cvH ¼ � CVHðCVh þ CVH þ CVNÞ�1Ml (1.26)

cvN ¼ � CVNðCVh þ CVH þ CVNÞ�1Ml (1.27)

and the M matrix is:

M¼ I � A
�
ATðCVh þ CVH þ CVNÞ�1A

��1

ATðCVh þ CVH þ CVNÞ�1
(1.28)

With the two options explained, residuals joined or separated,
as in equations (1.24e1.27), respectively, we have to decide which
one to use. Our decision is to fit with residuals together due to the
lack of separate CVmatrices in the input data, using equation (1.11)
and leaving (1.22) for future studies where we have the complete
CV matrices.

The complete study of the hybrid geoid modeling was based on
two goals, first solving and evaluating the x term, which includes
refining and calculating the values that minimize ~v, and secondly,
to conveniently analyze the residuals in the final solution [36].
Since we do not have the CVh;CVH ;CVN matrices of the adjust-
ments in all the lines of the VRS leveling calculation networks that
are generated by the different geographic institutes, but we do
know the absolute values of the residuals from the initial data h, H,
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y N, the option is to simplify the equation system by substituting

the term ðCVh þ CVH þ CVNÞ�1 from a typically combined devia-
tion, from:

~P¼ 1
s2
h

þ 1
s2
H
þ 1
s2
N

(1.29)

This may be a controversial aspect of the study, but we prefer to
take a conservative perspective on it.
2.2. Study models

As we saw, the equation system 1.8 is solved by the least square
method, adjusting according to the Gauss-Markov model for every
GGM evaluated, paying special attention to the model used to
minimize systematic effects and data inconsistencies. The design of
the A matrix depends on the parametric model used to model the
residue, here employing three similarity models of seven, five, and
four parameters [2]:
f7Pð4; lÞ¼ x1cos4coslþ x2cos4sinlþ x3sin4þ x4
sin4cos4sinl

k
þ x5

sin4cos4cosl
k

þ x6
1� f 2sin2

4

k
þ x7

sin2
4

k
(1.30)
In this case, k is
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e2sin24

q
, e2 the eccentricity and f the

ellipsoid flattening, up to models of four and five parameters like in
[33]:

f4Pð4; lÞ¼ x0 þ x1cos4coslþ x2cos4sinlþ x3sin4 (1.31)

f5Pð4; lÞ¼ x0 þ x1cos4coslþ x2cos4sinlþ x3sin4þ x4sin
2
4

(1.32)

And two polynomials of first degree and third degree:

f1x1ð4; lÞ¼ x0 þ x1ðlÞ þ x2ð4Þ (1.33)

f3x3ð4; lÞ ¼x0 þ x1ðlÞ þ x2ð4Þ þ x3ðlÞ2 þ x4ð4ÞðlÞ þ x5ð4Þ2

þ x6ðlÞ3 þ x7ðlÞ2ð4Þþ x8ðlÞð4Þ2 þ x9ð4Þ3
(1.34)

The values of 4i and li represent the geodetic latitude and
longitude observed through the VRS leveling benchmarks in EUREF
or SIRGAS, according to the area. In the case of 7 parameters (7P),
5P, and 4 parameters (4P), the coefficient x0 represents the

displacement between NGGM
i and NGNSS=Niv

i , while the coefficients
x1…7 are transformation parameters between GGM and GNSS/
leveling data, which absorb the inconsistencies of the different
height types. For the first- and third-degree polynomials, the co-
efficients only imply a greater degree of the surface for modeling
the residuals, from a 1 � 1 plane to a warped 3 � 3 surface.

The complete form of the A(mxu) matrix is, for example, for the
case of five parameters:

Am�5 ¼
0
@1 cos41 cosl1 cos41 sinl1 sin41 sin 241

« « « « «

1 cos4m coslm cos4m sinlm sin4m sin2
4m

1
A
(1.35)
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It is important to indicate here that anover-parameterization can
lead to unrealistic results in places with gaps in leveling data or far
from them, as we can see in Fig. 3.

where the l values have been modeled with a function of 5 � 5
parameters, obtaining an unreal surface when moving away from
the modeling area. These unrealistic results, the product of math-
ematical adaptation, jeopardize the final purpose of the reference
surface by not creating a truthful physical representation of the
modeling residuals, but instead, an optimal mathematic adjust-
ment that does not represent in the best way the surface of the
GMM adapted to the corresponding VRS. This is a serious problem
because a low root mean square (RMS) indicates a mathematically
correct model, but it may be geodesically unreal. In order to avoid
this, it is important to use cross-validation of data [3].

2.3. Model evaluation

After eliminating the mistakes, generally proceeding from the
leveling lines or GNSS observations, which are used to model the
parametricmodel,weproceedtoevaluate thegoodnessoffit, beingone
of the most common methods, evaluate the statistics and the residue
vectors after performing the least square adjustment according:

b~vi ¼hi �Hi � NGGM
i � AT

i x (1.36)

A priori, the model with the lowest root mean square error or
standard deviation (RMSE) of the residue vector will be the best
adjustment model, but in order to avoid unreal surfaces, cross-
validation will be done afterward. This offers a more realistic anal-
ysis by predicting the orthometric height at points aside from the
calculation of the hybrid geoid. This process can be resumed in five
steps [33,36]:

1. Select all the points of study but one.
2. Of the selected group, the combined adjustment must be

applied by calculating the x parameters of the model.
3. Use the calculated model to predict the residual value of the

point that was left out.
4. Compare the estimated values with the known height error for

said point.
5. Repeat steps 1 to 4 for every reference point in the network and

calculate the RMSE.

The RMSE value of cross-validation gives a more realistic indi-
cation of the accuracy of the selected model as a prediction surface
for a new point, by making the cross-validation from one point to
the other.

A procedure also evaluated to see the goodness of fit is the

determination coefficient, denoted by R2, which describes the ratio
in which the square sums vary due to the adjustment:

R2 ¼1�
Pm

i¼1

�
li � b~vi

	2

Pm
i¼1

�
li � li

	2 (1.37)



Fig. 3. Effects of the overuse of parameters. L values in meters.
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where m is the number of observations and li , the observations
mean, where the perfect adjustment would bewhere R2 ¼ 1. Aside

from R2, the determination coefficient of the adjustment R2
a is also

established, from which we obtain:

R2a ¼1� ðm� 1Þ
ðm� uÞ

�
1�R2

�
(1.38)

m is the number of observations and u the number of parameters. R2
a

shows the ratio of the square sums due to the adjustment. R2
a may

take any value less than or equal to 1, with a value closer to 1 the one
that shows a better adjustment. Negative valuesmay occurwhen the
model has terms that do not help predict an answer. It is important

to be careful about the values of R2 and R2
a because if the degrees of

freedom are small, we can obtain greater values independently of the
validity of the adjustment; in cases such as these, a meticulous
approach would be to perform a cross-validation data.

Generally, a
Pm
i¼1

ðli � b~viÞ2 is denoted as sum of squares due to

error (SSE), where a value closer to 0 indicates that the model has a
smaller random error component and that the adjustment will be

more useful for the prediction; and
Pm
i¼1

ðli � liÞ2 is denoted as total

sum of squares (SST). Lastly, the root mean square error RMSE is
defined as:

RMSE¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPm
i¼1

�
li � b~vi

	2

m� u

vuuut
(1.39)

m� u are denoted (DoF degree of freedom). The statistics R2, R2
a, y

RMSE will show the goodness of fit, along with the GGM and the
model of choice.
3. Data used

At the end of the 1990s, the combination of height data from
Global Positioning System (GPS) receivers combined with GGM
acquired specific relevance thanks to the generation of the Earth
Gravitational Model 1996 (EGM96) [37]. This geopotential model
gives whole-Earth complete harmonic spherical coefficients for
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degree and order 360 [37], unseen for the period but insufficient for
the actual requirements, from the geodesic level to the engineering
level and large-scale cartography.

The roads toward a unified modern vertical system are well
developed in Spain, as in the European Vertical Reference System
(EVRS) [38], and in parts of Chile, through the VRS for SIRGAS
[39,40]. In the future it is expected to be entirely unified with the
adoption of the conventions from the International Height Refer-
ence System (IHRS) [41].

InChile, theVRS is geometric andnotphysical,whichmeans itwas
done basically with first-order leveling from the mean height of a
determined tide gauge and some gravimetric measurements in
distinct zones of the country, materializing leveling lines and inter-
national connections necessary to link Chile to Argentina and Bolivia.
However, there is no global adjustment on a country-size level due to
Chile's orography, something that does not happen with the VRS of
Spain due tomore available access to the country's boundaries. This is
due to the fact that land connections in Spain are better than in Chile.

In the followingpart, the entry data for this studywill be shown, to
a local scale for the orthometric height (H) from VRS from Chile and
Spain and to a global scale with the GMM's undulation (N) and the
GNSS observations. The GNSS ellipsoidal height (h) observed over the
SRV's benchmarkswas processedwith commercial software, Trimble
Business Center (TBC) v. 4.0, using observable GPS and GLONASS
constellations (Global'naya Navigatsionnaya Sputnikovaya Sistema).
3.1. Geodetic vertical network of Chile

The actual Vertical Reference Frame of Chile, as in many coun-
tries in South America and even the world, is still an old system,
which means that according to [42]:

� The leveling reference is acquired by one or many tidal gauges
over a period.

� The leveling was performed by geometric leveling, but the
gravity (which could correct the unevenness) is not known in all
points.

� The reference frame is static concerning the time.
� It is wrongly assumed that the geoid coincides with the mean
sea level.

The calculation of the sea level along Chile is performed by the
Chilean Navy Hydrographic and Oceanographic Service (SHOA),



Fig. 4. SHOA tidal gauges.
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through a series of tidal gauges along the coast. Then, the
Geographic Military Institute (IGM) begins the geometric leveling
along the territory, materializing the SRV from these local
references.

Taking all the information available from the IGM [43] adds the
problem that the geographic configuration of Chile has around
4200 km of coast. Also, a maximum width of 445 km in the
northern zone makes it harder to use a single tidal gauge as a
vertical reference, due to the fact that leveling from north to south
must be much larger than from west to east, as is currently done.
The Chilean VRS starts with all the geodesic measurements in
altimetry in Chile, beginning in 1929, performing leveling lines
from sea to mountain and starting from the tidal gauge in Carta-
gena (4:-33.538427, l:-71.6334441).

Due to Chile's geography as a narrow and elongated country,
some links to other tidal gauges were established to refer to the
leveling lines over time. Of the 86 tidal gauges available by the
SHOA, IGM has used the tidal gauges which existed in the 1950s:
those of Antofagasta, Valparaiso, Talcahuano, Puerto Montt, and
Punta Arenas.

With the later addition of one in Arica for the international link
with Bolivia, this created six altimetry references for the Chilean
vertical geodetic network, which makes it one of few countries
with this many references. To cover the entire Chilean terrain with
altimetry and have data access to the altimetry reference frame in
Chile, there is a network of 5000 points located on the main net-
works of the country. This IGM refers the Chilean's SRV to the
height at medium sea level (MSL)from a network of 86 tidal gauges
calculated and maintained by SHOA distributed along the coast of
Chile [44], as seen in Fig. 4.

All of the different altimetry helped in the past for the creation
and densification of the height reference. However, today is a
problemwith the accuracy of GGM along the country and above all,
with the VRS of Chile, since there is no homogeneity and a high
jump occurs concerning GGM. Chile is a long country, and access to
benchmarks for the altimetry control is complicated. However,
countries with similar coastal length have adopted at maximum
two vertical datum points, such as the case of Argentina [45],
located in the city of Mar del Plata and another in the city of Ush-
uaia, which will undoubtedly mitigate the change to the IHRS. In
this study, we clarify the differences between VRS to the geo-
potential value W0 of the GGM. One example of the differences is
shown in Fig. 5.

There is a maximum difference of 67 cm between sea level
registered by the tidal gauge in the city of Punta Arenas (Latitude:
53� 090 17.3900S, Longitude: 70� 540 40.6400 W) and that in the city of
Arica (Latitude: 18� 280 28.5600 S, Longitude: 70� 170 52.5100 W),
compromising in a certain way a future reconciliation between the
potential W0 with the local Wlocal. This aspect will be of great
importance in the following sections since it is the fundamental
reason to generate two hybrid geoid models, rather than one that
covers the northern and southern zone of Chile in a single hybrid
model. However, it undoubtedly can be implemented with the
global physical heights once the IHRS arrives with homogeneity in
heights.

A practically similar problem occurred on Australia, where the
Australian Height Datum (AHD) referred to 30 tidal gauges along
the Australian coast [47] and the Australian geoid 2020 “Aus-
Geoid2020” [48], but that still does not manage to reconcile
physical and geometrical heights. For this, a “corrective surface” is
used, which resolves in Australia with the Australian Vertical
Working Surface (AVWS) [4], with satisfactory results.

To analyze this variability in Chile, we have chosen two zones:
one in the north of the country (more than 40% of Chile's GDP is
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Fig. 5. Differences between local datum and W0. Source: [46].
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there) and another in the more populated central zone, where the
capital (Santiago de Chile) is located.

We will use two leveling lines from the sea to the Andes
Mountain. The first location, which begins in Valparaiso and rea-
ches the border with Argentina at Paso de Sico (Latitude
23�5100.9700S, Longitude 67�14056.1400W) with an approximate
length of 430 km, will denominate the northern zone, shown in
Fig. 6.

And the leveling line that goes from the Valparaiso tidal gauge to
the border with Argentina at Paso Caracoles (Latitude
32�50042.0900S, Longitude 70� 3051.9800W), with an approximate
length of 230 km, will denominate the central zone, shown in Fig. 7.

These two leveling lines refer to amean tide system,whichmust
later be corrected for the orthometric height. The GNSS data and
accuracy of the ellipsoidal heights over the benchmarks, calculated
from the SIRGAS-CON network and processed by TBC commercial
software, are shown in Table 3.

The orthometric heights have an unknown deviation, so we use
a s ¼ 0:005 m a generic precision.

The spatial location of the lines concerning the tidal gauges is
shown in Fig. 8.

3.2. Geodetic vertical network of Spain

In the case of peninsular Spain, the VRS materialized with the
REDNAP (high precision leveling network, Red de Nivelaci�on de Alta
Precision) takes as reference the mean sea level obtained by the
only tidal gauge, located in the city of Alicante (38�300N 0�300W)
and referencing the Mediterranean Sea. Starting from this point,
the adjustment to the network it is made within geopotential
heights, being observed ellipsoidal heights, gravity and, ortho-
metric heights. The difference between heights in the Mediterra-
nean Sea and the Cantabrian Sea reaches up to 28 cm over
approximately 900 km [17], and that again clarifies the differences
between orthometric heights. The organization in charge of
maintaining and creating the Spanish VRS is the Geographic Na-
tional Institute (IGN). The traditional European altimetry reference
systems, established from the corresponding high-precision
leveling national networks, are referred to as local vertical datum.
Like in Chile, this leads to numerous inconveniences since the
countries use different reference levels for diverse seas and
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oceansdthe Baltic Sea, Northern Sea, Mediterranean Sea, Black Sea,
Atlantic Oceandreaching differences of various decimeters among
them. Also, not all zero levels refer to the same sea level, with a few
differences at low tide (Ostende) and others at high tide (Amster-
dam). Thus, three different altitudes are used and are shown in
Fig. 9.

The new REDNAP began in 1999 and was finished in 2007 in
the Spanish peninsula and a year later at the Balearic Islands. The
peninsular REDNAP has an approximate longitude of 16,500 km,
taking a single fundamental point (NP1) in Alicante and a geo-
potential value of 3,34142 u. g. p., which refers to the tidal gauge in
the same city. All of the network adjustments at geopotential
points refer to the same value as Alicante [49], and the errors
increase as we move away from the initial point, as seen in Fig. 10.

The previous leveling lines are referred to a mean tide system,
something that should be corrected later.

The selected zone for the study's realization was the leveling
subnetwork of the northeastern part of the peninsula, in Galicia's
autonomous community (Northwest zone). The justification for
this is the continuation of previous work started by the primary
author in the zone [18]. Fig. 11 shows the area selected in Spain for
the study.

In Galicia (Spain's Northwest zone), there are 21 lines and
three ramifications, adding to the group of approximately 1400
leveling benchmarks. This is points with orthometric measure-
ments to compare with the ellipsoidal GNSS, but with lesser
precision than this, around the 0.100 m on the 81% of the signals
and worse in some case. As understood from the previous lines,
this precision in height does not allow us to reach the final
objective, which is to have ellipsoidal height with good precision.
Because of this, we decided to observe sufficient points in REDNAP
to cover the zone of study with millimetric precision in the best of
cases, and centimetric precision in the worst. For this, we make an
observation over one REDNAP benchmark every 10 km, approxi-
mately, from which we obtain a final count of 111 points. It must
be mentioned that when viewing all the benchmarks photo-
graphically, it would be impossible to measure them all because
there are GPS shadows in many locations; obviously, those points
were not measured. This would also be useless work since we
pretend to know these geodesic models' tendency for a good
modelation.



Table 3
Summary of ellipsoidal height points in Chile.

Area No. of points hMAX (m) hMIN (m) sMAX(m) sMIN (m)

Central Zone 160 km � 120 km 217 3218.980 26.150 0.025 0.002
Northern Zone 270 km � 250 km 128 3922.303 1367.997 0.032 0.003

Fig. 6. Data used for the northern zone.

Fig. 7. Data used for the central zone.
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Fig. 8. VRS data for Chile used in the study.
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The GNSS data and accuracy of the ellipsoidal heights over the
benchmarks, calculated from the EUREFnetwork, andprocessedwith
TBC commercial software, are the following, show in Table 4.

Regarding the orthometric heights, the adjustment precision of
the points in the network is unknown. Although there are values on
some nodes, this does not happen for others; for that reason, we
decided to consider a generic precision for the benchmarks: s ¼
0:005m.
Fig. 9. State of the UELN 95/98 network in 2002 and differences bet

Fig. 10. REDNAP vector
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3.3. Global geopotential models

When we talk about global geopotential models, we refer to a
gravitational model of the Earth, whose function is to describe the
gravity field (sum of gravitational attraction plus centrifugal force)
in three dimensions. Above it has been generally calculated from
different types of observations of the gravitational field, since long
campaigns with directmeasurements on the surface of the Earth, as
well as gravimetric campaigns, vertical deflections, geopotential
ween EUVN datum and different national datum. Source: [38].

error. Source: [17].



Fig. 11. Spanish vertical reference system.

Table 4
Summary of ellipsoidal heights points in Spain.

Area No. points hMAX (m) hMIN (m) sMAX (m) sMIN (m)

Northwest Zone 290 km � 250 km 111 1336.875 56.988 0.015 0.002
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numbers, until the recent measurements of the gravity field on
satellites such as CHAllenging Minisatellite Payload (CHAMP),
Gravity Recovery and Climate Experiment (GRACE) or Gravity field
and steady-state Ocean Circulation Explorer (GOCE) [50], repre-
senting the potential in harmonic spherical series. The function of
the potential is expressed as the sum, to a certain determined de-
gree and order, according to the following harmonic spherical
expression:

Vðr; l;4Þ¼GM
r

Xlmax

l¼0

XI
m¼0

�
R
r

	l
Pnmðsin4ÞðCnmcosmlþ SnmsinmlÞ

(2.1)

Here the values are as follows:

� r; l;4 spherical coordinates of the evaluation point (radio,
longitude, and latitude)

� R equatorial radius
� GM geocentric gravitational constant
� Cnm,Snm potential coefficients, which are determined from ob-
servations and depend on the distribution of the inner Earth
masses
n evaluation on latitude
m evaluation on longitude
n;ml>0;n � m
� Pnm(cos4) Legendre functions, which define the behavior of the
harmonic function (m ¼ 0 / Legendre Polynomials)

The potential is known as the so-called equipotential surfaces,
which are those imaginary surfaces in which the potential has the
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same value. One of the most important equipotential surfaces is the
geoid, which is defined as the surface that coincides with the un-
disturbed marine surface (in other words, the sea in static equi-
librium) and its fictional continuation below the continents. Geoids
usually are the reference surface of a natural physical height; in
other words, vertical datum. The correct choice of the geoid's sur-
face in space must be based on the correct value of W0 potentia
[51]:

WðPÞ¼W0 ¼ constant (2.2)

On an international level, the International Centre for Global
Earth Models (ICGEM) [9] recovers and archives all of the GMM on
its website, http://icgem.gfz-potsdam.de/home, from which the
most recent and higher degrees are chosen for the study, according
to Table 5.

The Earth Gravitational Model 2008 (EGM2008) is a model on
spherical harmonics of the gravity potential of the Earth gener-
ated by the National Geospatial-Intelligence Agency (NGA) It is
developed by a combination of a minimum square gravitational
model ITG-GRACE03S and its covariance matrix, with gravity in-
formation obtained from a global group of anomalies of free-air
gravity anomalies defined in a grid of 50 arch. EGM2008 is com-
plete to the degree and order 2159, and it contains additional
coefficients up to the 2190 degree and 2159 order; its evaluation
on zones of gravity density data goes from ±5 cm up to ±10 cm
[52], compared with GPS/leveling data. EIGEN-6C4 is the fourth
version of the European Improved Gravity model of the Earth by
New techniques (EIGEN-6C series) and contains complete GGS
data (Spaceborne Gravity Gradiometry) of the GOCE mission, its
degree, and order on spherical harmonics is 2190. GPS/leveling

http://icgem.gfz-potsdam.de/home


Table 6
Local and global initial undulations' statistics (m) in Spain.

Type of height Maximum Minimum Range Mean Standard
Deviation

N(GPS/leveling) 57.683 51.871 5.813 55.571 1.126
N EGM08 58.702 54.153 4.549 56.589 1.070
N EIGEN6C4 58.740 54.196 4.543 56.612 1.072
N GOCO05c 58.681 53.975 4.706 56.631 1.123
N SGG-UGM-1 58.730 54.126 4.604 56.607 1.091
N XGM2016 58.680 54.010 4.670 56.638 1.107

Table 7
Local and global initial undulations' statistics (m) in northern Chile.

Type of height Maximum Minimum Range Mean Standard
Deviation

N(GPS/leveling) 38.837 33.774 5.063 36.411 1.749
N EGM08 37.906 33.802 4.104 35.911 1.423
N EIGEN6C4 38.099 33.894 4.205 36.065 1.463
N GOCO05c 38.200 33.966 4.235 36.198 1.487
N SGG-UGM-1 38.081 33.916 4.165 36.080 1.440
N XGM2016 38.173 33.854 4.318 36.157 1.498

Table 8
Local and global initial undulations' statistics (m) in central Chile.

Type of height Maximum Minimum Range Mean Standard
Deviation

N(GPS/leveling) 34.062 21.743 12.320 27.717 2.780
N EGM08 33.631 21.867 11.764 27.657 2.669
N EIGEN6C4 33.397 22.127 11.270 27.911 2.504
N GOCO05c 33.055 21.994 11.061 27.804 2.571
N SGG-UGM-1 33.353 22.067 11.285 27.780 2.508
N XGM2016 33.139 22.006 11.134 27.990 2.567

Table 5
Global geopotential models studied, and constituting the main source of data:
follow-up data of satellite S, gravity data G, altimetry data A, GRACE, CHAMP, GOCE,
LAser GEOdynamics Satellite (LAGEOS) Satellite Laser Ranging (SLR).

Model Year Data Degree

EGM2008 2008 A, G, S(GRACE) 2190
EIGEN-6C4 2014 A, G, S(GOCE), S(GRACE), S(LAGEOS) 2190
SGG-UGM-1 2018 EGM2008, S(GOCE) 2159
EGM2008 2008 A, G, S(GRACE) 2190
GOCO-05c 2016 A, G, S(GRACE), S(GRACE) 720
XGM2016 2017 A, G, S(GOCO05s) 719
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data evaluations show a standard deviation of 30.6 cm in South
America and 20.9 cm in Europe [11]. The SGG-UGM-1 model
developed by the School of Geodesy and Geomatics in Wuhan,
China, is a model of ultra-high resolution, as shown in [53], of a
degree and order 2159, developed with gravimetric data from
EGM08. The model has been evaluated with GNSS/leveling data
over China, the United States, and Brazil [54], with errors on the
order of 74 cm in China, 32 cm in the United States, and 10 cm in
Brazil. Lastly, we evaluated two more GGMs, GOCO05C (Gravity
Observation Combination) [12] and the XGM2016 (Experimental
Gravity Field Model), both developed by the Technical University
of Munich (TUM). In the case of GOCO05, GRACE and GOCE data
were employed, obtaining, as a result, a model of degree and order
of 720, which has been evaluated with GPS/leveling data in
Australia, Brazil, Germany, and the United States, with errors of 24,
31, 3.8, and 58 cm, respectively. XGM2016 is the result of the TUM
evaluation of 150x15 0 grid data brought by the updated and
revised NGA's gravity database, whose efforts are oriented toward
the new Earth Gravity Model EGM2020. The GGM data interpo-
lation on leveling points was obtained by a database of ICGEM, in a
free tidal system, thus making it consistent with GNSS data and
geometric leveling data of different VRS [55]. The relation of some
of this GGMwithW0 can be reviewed in [1]. For the weight matrix
of our modeling relative to the GGMs, we use each model's
nominal precision.
4. Results and discussion

The initial undulation GGM values contrasting to local undu-
lation without performing any type of adjustment are for the
northeast of Spain, and the north and center of Chile,
respectively:

In Tables 6e8 we observe that the undulation differences
between the zones studied in Europe and South America are up
to 25 m in some cases. Also, Fig. 12 graphically shows the
different standard deviation, being the lowest in Spain and the
highest in central Chile, and where the deviation of the values for
northern and central Chile, in contrast with the VRS, is also
greater than in Spain. It is important to note that in the initial
data showed, we eliminate points with mistakes, generally
coming from orthometric heights. This manifests itself when
analyzing pairs of consecutive points through their relative
differences.

From an absolute point of view, we can also observe that the
VRS of Spain is closer to GGM's W0 than the VRS of Chile, and the
models with the lowest standard deviation are the ones of greater
degree and order, in other words, EGM08 and EIGEN-6C4. This
aspect does not happen in central Chile, due to the different tidal
gauges used to materialize the SRV on the lines that reach
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Santiago de Chile. These differences may be because the expected
precision of the models is from ±4 to ±6 cm in zones with data
densification, while in zones with little densification it is from ±20
to ±40 cm [56], something possible because in the Andes this is
small data terrain densification for thesemodels. This aspect is not
minor, since a transition in the local vertical datum to the IHRS
will have a higher impact for the South American country than for
the Iberian country, mainly because of Chile's different height
references.

From Tables 6e8, we generate Table 9, which shows the relative
differences between the global undulation and local undulation of
the SRVs to analyze trends afterward.

In the case of Spain, the relative behavior of EGM08 and EIGEN-
6C4 is practically similar to VRS, increasing the differences up to
almost 5 cm for GOCO05C. This behavior is not seen in Chile, in the
case of GOCO05C, clearly motivated by the difference of initial
referential level and by the GGM resolution of the closest zones of
the Andes Mountains, where the terrestrial data used for the cre-
ation were less.

For Chile's northern zone, this has more altitude above sea level,
and the GGM standard deviation is closer to 30 cm in all cases. It is
worth noting that we observed a bias of approximately 20 cm in the
mean of the differences in EGM08, which is not present for the
others, and currently, there is no information on the reason for this.
It is worth noting that we observed a bias of approximately 20 cm
in the mean of the differences in the case of EGM08, which is not
present for the others; this also is unexplained. In central Chile, we
observed a relative difference of 10 cm between EGM08 and GOCO



Fig. 12. RMS of GGM undulations by model.
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05/XGM 2016; this difference increased to 17 cm for EIGEN-6C4 and
SGG-UGM-1.

This initial analysis of Spain's hybrid geoid modeling already
indicates that the better models of adjustment could be EGM08 and
EIGEN-6C4. For Chile's case, in both the central and northern areas,
this tendency has not been observed previously, since even though
it is true that in the northern zone, EGM08 is practically the same as
Table 9
Initial comparative undulations of GGM and GNSS/leveling statistics, units in (m).

North Chile

Min Max

NEGM08 � NGNSS=Niv �0.931 0.028

NEIGEN�6C4 � NGNSS=Niv �0.738 0.120

NGOCO05C � NGNSS=Niv �0.637 0.192

NSGG�UGM�1 � NGNSS=Niv �0.756 0.142

NXGM2016 � NGNSS=Niv �0.664 0.080

Central Chile

Min Max

NEGM08 � NGNSS=Niv �0.350 0.163

NEIGEN�6C4 � NGNSS=Niv �0.583 0.423

NGOCO05C � NGNSS=Niv �0.926 0.290

NSGG�UGM�1 � NGNSS=Niv �0.628 0.363

NXGM2016 � NGNSS=Niv �0.841 0.302

North Spain

Min Max

NEGM08 � NGNSS=Niv 0.944 1.012

NEIGEN�6C4 � NGNSS=Niv 0.987 1.049

NGOCO05C � NGNSS=Niv 0.766 0.990

NSGG�UGM�1 � NGNSS=Niv 0.917 1.040

NXGM2016 � NGNSS=Niv 0.801 0.990
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VRS, it does not happen to be the same in the central zone. This
could be caused by the differences on the initial referential tidal
gauge for both zones, which obviously is not the same as we saw
previously with the Chilean Geodesic Vertical Network. In addition,
it is worth mentioning that some GGMs have long-wave longitude
problems on mountain terrain, especially in the Andes and the
Himalayas. These problems were found by comparing the
Range Mean Std

�0.959 �0.500 ±0.325
�0.858 �0.346 ±0.286

�0.828 �0.213 ±0.262

�0.898 �0.330 ±0.309
�0.744 �0.254 ±0.250

Range Mean Std

�0.513 �0.007 ±0.113

�1.007 0.252 ±0.273
�1.216 0.146 ±0.201

�0.991 0.120 ±0.270

�1.143 0.334 �0.202

Range Mean Std

0.068 1.018 ±0.001
0.062 1.041 ±0.003

0.224 1.060 ±0.055
0.122 1.036 ±0.022

0.189 1.067 ±0.038



Table 10
Statistics for the adjusted surface in the northern zone of Chile.

SSE R-Square ADJ R-Square RMSE(m)

EIGEN6C4

5P 0.0942 0.9937 0.9935 0.028
3 � 3 0.0719 0.9952 0.9948 0.025
4P 0.1336 0.9911 0.9909 0.033
7P 0.0747 0.9950 0.9948 0.025
1 � 1 0.1349 0.9910 0.9909 0.033

EGM08

5P 0.1026 0.9936 0.9934 0.029
3 � 3 0.0891 0.9945 0.9940 0.028
4P 0.2425 0.9849 0.9846 0.045
7P 0.0962 0.9940 0.9937 0.028
1 � 1 0.3094 0.9808 0.9805 0.050

SGG-UGM-1

SSE R-Square ADJ R-Square RMSE(m)
5P 0.1091 0.9934 0.9932 0.030
3 � 3 0.0792 0.9952 0.9949 0.026
4P 0.2196 0.9868 0.9864 0.042
7P 0.0900 0.9946 0.9943 0.028
1 � 1 0.2214 0.9867 0.9864 0.042

GOCO 05C

5P 0.1538 0.9872 0.9868 0.036
3 � 3 0.0823 0.9932 0.9926 0.027
4P 0.1705 0.9858 0.9855 0.038
7P 0.0852 0.9929 0.9926 0.027
1 � 1 0.2232 0.9815 0.9812 0.043

XGM16

5P 0.2378 0.9793 0.9786 0.045
3 � 3 0.1309 0.9886 0.9877 0.034
4P 0.2945 0.9744 0.9738 0.049
7P 0.1426 0.9876 0.9870 0.035
1 � 1 0.3341 0.9710 0.9705 0.052
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EGM2008 with gravity models that include GRACE and GOCE
measurements [57]. Now, we proceed to model the residuals of
equation (2.6), according to the chosen models 1 � 1, 3 � 3, 4P, 5P,
and 7P.

4.1. Chile modeling

Because of the difference of altitude origin for the leveling
network between Chile's northern and central zones, the analysis
will first address an independent form.

4.1.1. Northern zone
The use of one of the mathematic models shown in Section 3

generates a group of five surfaces for each one of the GGMs. The
calculations were carried out by modifying the curve-fitting tool in
Matlab [58]. The initial adjustment had 128 points, which was
reduced to 107 due to mistakes in the initial data. Some generated
surfaces are shown in Fig. 13, wherein the upper part of the image,
the generated surface, is observed tomodel thematrix L's residuals,
and the lower part models the generated surface's residuals. The
following modeled figures will have the same configuration.

In the previous images, in a completely visual manner, the
heterogeneity of the surfaces can be observed to adapt to the same
residuals. The surfaces, in the case of 3 � 3, form irregular figures
with steep slopes out of the zone of study, which precludes any
extrapolation.

The statistical results of the adjustment surfaces for each GGM
and model are shown in Tables 10 and 11, Figs. 14 and 15 in an
analytical and graphic form for northern and central Chile,
respectively:

As seen in Table 10, the GGM that presents the best adjustment
by the five models used is the EIGEN-6C4, with values close to
2.5 cm in models of greater degree; SGG-UGM-1 and XGM16 are
those that have a practically error of 1.5 cm or more. We can also
observe a better performance of GOCO05C over EGM08, which
reaffirms those as mentioned above with absolute and relative
values before performing the combination andmodeling of heights.

This same behavior can observe the coefficients R2 and R2
a, being a

priori, the models with better adjustment the model 3 � 3 and 7P.
This improvement of the new GGM over EGM08 is already evi-
denced in [59] over the VRS of Argentina.

Due to its better performance, in Fig. 16 we show the residual
histograms for all modeling in the GGM EIGEN6C4.
Fig. 13. 5P and 3 � 3 model over G
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Analyzing the histograms and their distribution, the first-order
polynomial (1 � 1) has a nominal precision of approximately
5 cm in all the GGMs and by all the models, but the error distri-
bution is not normal. The above makes that Chilean geodesic
normative like the Public Works Ministry [60] should consider
these precisions and changed it the lineal models by similarity
models.
GM EIGEN-6C4 northern zone.



Table 11
Adjusted surface statistics for the central zone of Chile.

SSE R-Square ADJ R-Square RMSE(m)

EIGEN6C4

5P 0.0307 0.7758 0.7592 0.024
3 � 3 0.0199 0.8545 0.8278 0.020
4P 0.0552 0.5970 0.5751 0.032
7P 0.0259 0.8111 0.7893 0.022
1 � 1 0.1164 0.1499 0.1196 0.046

EGM08

5P 0.0722 0.4953 0.4611 0.035
3 � 3 0.0374 0.7385 0.6949 0.026
4P 0.0745 0.4788 0.4528 0.035
7P 0.0546 0.6184 0.5782 0.031
1 � 1 0.0755 0.4721 0.4548 0.035

SGG-UGM-1

3 � 3 0.0212 0.9039 0.8863 0.021
4P 0.0532 0.7595 0.7463 0.031
7P 0.0308 0.8608 0.8448 0.024
1 � 1 0.0712 0.6776 0.6661 0.036
5P 0.0425 0.8078 0.7935 0.028

GOCO 05C

5P 0.0438 0.8850 0.8726 0.034
3 � 3 0.0108 0.9716 0.9635 0.018
4P 0.1548 0.5941 0.5621 0.064
7P 0.0433 0.8864 0.8670 0.035
1 � 1 0.1617 0.5759 0.5542 0.064

XGM16

5P 0.0796 0.8976 0.8868 0.046
3 � 3 0.0287 0.9631 0.9531 0.029
4P 0.1579 0.7969 0.7813 0.064
7P 0.0697 0.9104 0.8955 0.044
1 � 1 0.2022 0.7399 0.7269 0.071
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4.1.2. Central zone
The initial adjustment is done by starting with 217 points, which

in the second adjustment goes to 120 points to perform the check,
Fig. 14. RMSE by model and GGM
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since it eliminates practically a complete line, which is the one that
surrounds the city of Santiago de Chile. We believe this to be a
mistake in the epoch. The IGM declares it to be from the year 2002,
but when we check its realization's epoch with field data (epoch
2017) plus the earthquake jump, we can see a mistake in the
informed epoch: there were more leveling epochs than indicated
initially. In Fig. 17, we see the 5P and 3 � 3 models with the GGM
EIGEN6C4, adjusted as seen in Section 2.1. The upper images show
the correction surface, and the lower ones show the modeled
residuals.

Both figures clearly show how the 3� 3model generates a more
unrealistic surface to represent the residuals, away from bench-
marks. The models are shown in Table 12 and graphs in Figs. 18 and
19.

In Chile's central zone, EIGEN-6C4 is the GGM that again per-
forms better on general lines with precisions of the same order as
the northern zone, around 2.5 cm on average for all models, with
the worst adjustment for XGM16. Another clear result is the
central zone's worse behavior in contrast to the northern zone,
which is due to two aspects. There are two reference heights in the
central zone, one that begins at the San Antonio tide gauge and
another that begins at the Valparaíso tide gauge, where the zero
reference height is not the same. The other differentiating aspect,
with the most significant importance, is the proximity to one of
the largest earthquakes in history (epicenter 35�5403200S
72�4305900W), which occurred on February 27, 2010, near the city
of Concepci�on and which is located around 400 km from Santiago;
in Santiago the earthquake displaced 22 cm of the VRS of the
country.

Due to its better performance, in Fig. 20 we show the residual
histograms for all modeling in the GGM EIGEN6C4.

Observing the histograms for the central zone, this one has the
worst behavior of the three. Bias in the histogram can be appreci-
ated caused undoubtedly by the heterogeneity of the orthometric
heights, which not be absorbed by the model. Therefore, it is
necessary to make densification and update the SRV in Santiago to
obtain a more exhaustive analysis. Over this zone, we currently are
in the northern zone of Chile.



Fig. 15. Coefficient of determination of adjustment, northern zone of Chile, by model and GGM.

Fig. 16. Northern zone residuals histograms.

Fig. 17. 5P and 3 � 3 models on GGM EIGEN-6C4 central zone.
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Fig. 18. RMS by model and GGM in the central zone of Chile.

Fig. 19. Coefficient of determination of adjustment by model and GGM for the central zone of Chile.
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doing observations of gravity to produce the same analysis, but
with normal heights.
4.2. Spain modeling

The initial adjustment begins with 111 starting points, reduced
to 107 points once 3 points are eliminated because of orthometric
height wrongly registered in the monographs of the IGN, which
generated a 3 m mistake. Application of the models shown in
Section 2 generates surfaces such as those shown in Fig. 21.

The results of the correcting surface in the north of Spain are
shown in Table 12 and graphs in Figs. 22 and 23.
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In the north of Spain, the best GGM is again EIGEN-6C4, followed
by EGM08 and SGG-UGM-1. The 3 � 3 polynomial has accuracies
between 2.5 and 3 cm in almost all GMMs. Also, in Spain's case, the
GGMs GOCO05C and XGM16 present a behavior substantially
worse than in Chile, because the data from GOCO05C and XGM16
are independent of EGM08 [12].

Due to its better performance, in Fig. 24 we show the residual
histograms for all modeling in the GGM EIGEN6C4.

By observing histograms in the north of Spain, we can see a
better distribution of errors, along with a lower RMS than in
the north of Chile and obviously lower than the central zone,
closer to the seismic event of February 27. The previous ob-
servations undoubtedly show the problem of implanting IHRS



Fig. 21. 5P and 3 � 3 models on GGM EIGEN-6C4 in Spain.

Fig. 20. Central zone residuals histograms.
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on active seismic continents and with less dense and updated
VRS.
4.3. Cross-validation

From this point, we proceed to perform the cross-validation
explained in Section 2.3, by using the equation:

H¼h� N � aTbx (3.1)

The 1 � 1 model represents a plane exclusively, and the 3 � 3
model does not represent the reference surface truthfully. Thus, for
validation, we only use similar models of 4, 5, and 7 parameters for
all GGMs, which are shown in Table 13.
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For the 5P model, which is the best adjustment, cross-validation
shows a deviation of 31 mm, 33 mm, and 35 mm in the zones of
Spain and north and central Chile, respectively in Figs. 25e27.

The 5P model has similar behavior in the three zones for GGMs
EIGEN-6C4 and EGM08. This model predicts the position of H with
practically the samenominalprecisionof theGGM.However, it isnow
adapted to theVRS of each of the countries, whichwas not previously
the case. The complete lack of terrestrial gravity data makes GGM
SGG-UGM-1, GOCO05C, and XGM2016 have lower precision, with all
of the cases between 4 and 5 cm, as shown in Table 3.

Analyzing SGG-UGM-1, GOCO05C, and XGM2016, we cannot
indicate which is better than the other, because their behavior is
nearly identical; there is only a slight upgrade of the SGG-UGM-1 in
the northern zone of Spain and the central zone of Chile. However,
this does not achieve the objective of using a hybrid model with



Table 12
Surface adjustments statistics on the northern region of Spain.

SSE R-Square ADJ R-Square RMSE(m)

EIGEN6C4

5P 0.0979 0.2002 0.1688 0.031
3 � 3 0.0644 0.4737 0.4248 0.026
4P 0.1072 0.1241 0.0986 0.032
7P 0.0929 0.2414 0.1958 0.030
1 � 1 0.1137 0.0715 0.0536 0.033

EGM08

5P 0.1236 0.3383 0.3124 0.035
3 � 3 0.0618 0.6691 0.6384 0.025
4P 0.1326 0.2900 0.2693 0.036
7P 0.1147 0.3860 0.3491 0.034
1 � 1 0.1343 0.2808 0.2670 0.036

SGG-UGM-1

5P 0.1146 0.5483 0.5306 0.034
3 � 3 0.0618 0.7563 0.7337 0.025
4P 0.1508 0.4057 0.3883 0.038
7P 0.1032 0.5935 0.5691 0.032
1 � 1 0.1748 0.3113 0.2980 0.041

GOCO 05C

5P 0.7308 0.3289 0.3026 0.085
3 � 3 0.5815 0.4660 0.4164 0.077
4P 0.8024 0.2632 0.2417 0.088
7P 0.7166 0.3420 0.3025 0.085
1 � 1 0.8661 0.2047 0.1894 0.091

XGM16

5P 0.7167 0.2036 0.1724 0.084
3 � 3 0.6044 0.3283 0.2660 0.079
4P 0.7411 0.1764 0.1525 0.085
7P 0.7017 0.2202 0.1734 0.084
1 � 1 0.7564 0.1595 0.1433 0.085
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enough precision for this GGMs, adapting the VRS to we can access
directly with GNSS observations.

If we make a regional analysis in Chile, the cross-validation
shows that the north region's hybrid model is more precise than
the one in the central region, undoubtedly explained by the leveling
data that come from H.
Fig. 22. RMSE and GGM by m
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4.4. Results

Based on the previous discussion, we chose to use the combi-
nation EIGEN-6C4-5P model for the three zones of studies as the
one with the best fit. This synergy allows accessing the VRS of each
of the countries using the h heights from the GNSS receivers
combined with GGM-H, all with cm accuracy. The results are three
grids of the hybrid geoid (correction surface) that allow us to obtain
orthometric heights with an average precision of around 3.5 cm.
The archive structure is a ASCII grid file in each zone with values of:

ID f l NðadaptedÞ
This file can be perfectly loadable in any geomatics program or

GPS device. The Figs. 28e33 illustrate this characteristic.
5. Conclusions

In this research, we have shown satisfactorily how the modeling
of corrective surfaces can be a good alternative for the compatibility
of geometric GNSS data, with physical data from GGMs and the
SRVs of each country, using what is known as “hybrid geoids” or
“geometric geoids.” Of the large number of GGMs available in
ICGEM, EIGEN6C4 and EGM080 are the ones that produced the best
results, followed far behind by the other models tested. It became
clear in this study that the 5P model, together with the EIGEN6C4
data, can be used continuously with more than enough precision
for engineering, surveying, and cadastre work, both in northern
Spain and in the two studied areas of Chile.

In Spain, even prior to extending the study to the entire country,
the models (5P) and GGM(EIGEN6C4) have the best fit to generate a
hybrid model for all of Spain. Having only one definition point for
the SRV is an advantage for the study's continuity, of course. Un-
fortunately, this statement cannot be extrapolated to Chile because
the other tide gauges' leveling lines have not been studied. It is
worth mentioning here that as Chile's central region was observed,
some outdated leveling data degraded the final results greatly. Still,
in the meantime, because the IHRF is not fully operational, these
leveling lines can be remeasured to improve the corrected surface.

In countries like Spain, the implementation of SRVs on a conti-
nental scale is, like the EVRS, more advanced than in developing
countries, like Chile. Here the implementation of IHRS is still in a
odel in north of Spain.



Fig. 23. Coefficient of determination of adjustment, north zone of Spain, by model and GGM.

J.A. Tarrío Mosquera, M. Caverlotti Silva, F. Isla et al. Geodesy and Geodynamics 12 (2021) 65e92
study phase, and where also, a seismic event would make that a
significant portion of the previous leveling and gravity campaign
work must be done again. The awaited arrival of EGM2020, which
will undoubtedly be deployed hand-in-hand with IHRF, will allow
access to physical heights with greater precision than their pre-
decessors. However, the accuracy linked to degree and order of this
GGMwill go in hand with the quantity of observed data in the field.

Although it is true it is the subject of another study but we used
in this one, we can indicate that the EUREF velocity models
Fig. 24. North zone of Spain
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satisfactorily fulfill their epoch-changing function. However, in
South America, we see that modeling the height component in the
existing models is not included (VEMOS). Furthermore, the few
models that exist have generated inconsistencies in the residuals
that the model cannot absorb. This second part is undoubtedly a
new challenge in which we are working side by side with IGM of
Chile and SIRGAS.

The start of work related to the implementation and use of
IHRF in many countries has already begun. In others, IHRF stations
residuals histograms.



Table 13
Cross-validation of north, central Chile, and north of Spain.

NORTH REGION CENTRAL REGION

Model GGM Mean(m) RMS(m) Mean(m) RMS(m)

4P EIGEN6C4 0.000 0.036 0.004 0.038
EGM08 0.000 0.035 0.002 0.040
SGG-UGM-1 0.000 0.039 0.000 0.049
GOCO05C 0.000 0.039 �0.008 0.050
XGM2016 0.000 0.040 0.010 0.048

5P EIGEN6C4 0.000 0.033 0.003 0.035
EGM08 0.000 0.035 0.002 0.039
SGG-UGM-1 0.000 0.042 0.001 0.046
GOCO05C 0.000 0.041 �0.005 0.049
XGM2016 0.000 0.043 0.008 0.048

7P EIGEN6C4 �0.029 0.036 �0.004 0.038
EGM08 �0.085 0.036 0.007 0.039
SGG-UGM-1 �0.045 0.039 0.000 0.040
GOCO05C 0.017 0.039 0.005 0.042
XGM2016 0.000 0.040 0.028 0.040

NORTH SPAIN

Model GGM Mean(m) RMS(m)

4P EIGEN6C4 0.000 0.036
EGM08 0.000 0.037
SGG-UGM-1 0.000 0.049
GOCO05C 0.000 0.052
XGM2016 0.000 0.051

5P EIGEN6C4 0.000 0.034
EGM08 0.000 0.035
SGG-UGM-1 0.000 0.049
GOCO05C 0.000 0.052
XGM2016 0.000 0.051

7P EIGEN6C4 �0.005 0.037
EGM08 �0.007 0.038
SGG-UGM-1 0.000 0.049
GOCO05C 0.001 0.050
XGM2016 0.001 0.048

Fig. 25. Cross-validation north of Chile.
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Fig. 26. Cross-validation central zone of Chile.

Fig. 28. Hybrid geoid grid for the north zone of Chile, map view.

Fig. 27. Cross-validation north zone of Spain.
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Fig. 29. Hybrid geoid grid for the north zone of Chile, 3D view.

Fig. 30. Hybrid geoid grid for the central zone of Chile, map view.

Fig. 31. Hybrid geoid grid for the central zone of Chile, 3D view.
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Fig. 32. Hybrid geoid grid for the north zone of Spain, map view.

Fig. 33. Hybrid geoid grid for the north zone of Spain, 3D view.
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do not exist, nor are they expected in the medium and short term.
In addition to geopolitical reasons, another reason is financial: on
the one hand, countries do not want to share geophysical data
linked to natural resources, and on the other, leveling campaigns
are long and expensive. If the possibility of a seismic event in
countries like Chile is added to this, the maintenance of altimetric
networks with field observations is increasingly complex. An
earthquake or seismic event makes the work merely a snapshot of
the moment, thus losing the 4d component until a new mea-
surement is made. This article offers a vision and numerical
analysis to model a hybrid geoid by combining the different
heights that use the geodesy. This produces a reliable, precise, and
above all, continuous tool to access the VRS in countries with
fewer resources, more efficiently and robustly, until they have
access to the IHRF.
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